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Exercise Sheet #3

Course Instructor: Ethan Ackelsberg
Teaching Assistant: Felipe Hernandez

(Problem 3.3.)(Borel-Cantelli lemma) If (A,,)pen is a family of measurable subsets of a prob-
ability space (X, B, ) and ) - p(Ayn) < 00, then

u({x € X |z € A, for infinitely many n € N}) = 0.

Let (X, F, ) be a measure space and f a measurable function. Prove the Markov-Chebyshev
inequality:
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Ya > 0,u(lf] > a) < a/ fldp < a/lfldu-

|f|>e

Let (X, Fx, p) and (Y, Fy, v) be probability spaces, and let T': X — Y be a measurable function.
Define  Tu(A) := u(T~1(A)) for each A € Fy. Prove that v = Ty if and only if for all integrable

function f:
/fdl/:/ foTdpu.
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(Problem 3.2.) Let (X, B, ) be a probability space. Let (Ay), oy be a family of measurable

sets with a = infpenp (4,) > 0. We aim to show that there is a set £ C N such that d(E) :=
lim sup y_, o M > a, and for any finite set F' C E, F # (), one has pu (ﬂneF An) > 0.

(a) Justify that we can assume, without loss of generality, that (), .z A, # 0 if and only if
7 (ﬂnEF An) > (0. To do this, it may help to define the countable set

fz{FgNr|F|<oo,mAn¢w,u<m An> = 0}.
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(b) Prove that [limsupy_, & SN | 14, (2) du(z) > a.
(c) Define E = {n € N |z € A,} for some suitable x € X. Conclude the proof.



